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Abstrat
Yang-Mills theories undergo a deonning phase transition at a rit-
ial temperature. In lattie alulations the temporal Wilson loop and
Z3 order parameter show above this temperature a behavior typial of
deonnement. A quantity of interest in the study of this transition is the
gluon propagator and its evolution with temperature. This ontribution
desribes the urrent status of an investigation of the nite temperature
gluon propagator in Landau gauge. It analyzes the high temperature
ase. The resulting equations are ompared to the orresponding ones
of three-dimensional Yang-Mills theory. Under ertain assumptions it is
found that a kind of spatial onnement is still present, even at very
high temperatures.
1 Introdution
The gluon propagator at zero and nite temperature is of many possible uses,
although it is a gauge-dependent quantity. In Landau gauge the ghost propa-
gator is of equal importane. Knowledge of these propagators an be used as
input to phenomenologial alulations, e.g. in analysis of heavy ion ollisions
and the properties of the produed state of matter. On the other hand these
propagators an be used to ompare analytial alulations with lattie sim-
ulations to estimate the eet of approximations and to gain insight into the
physial mehanisms underlying the lattie results and eluidate the dynamis
of onnement.
This ontribution desribes the approah and the status of the alulation
of the nite-temperature gluon propagator in Landau gauge Yang-Mills (YM)
theory. The gluon propagator in the energy regime of interest for heavy ion
ollisions is non-perturbative, and so must be the alulation. As infrared sin-
gularities are antiipated, a ontinuum method is desirable. Therefore Dyson-
Shwinger equations are employed as a non-perturbative approah. This will be
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Figure 1: The trunated DSE used in the present work. The propagators with
large full dots denote the fully dressed propagators while the ones without are
the perturbative ones. A vertex denoted by a small full dot represents a pertur-
bative vertex while the open irles indiate the fully dressed ones. In addition
to the employed trunation all vertex funtions are approximated by bare ones.
desribed in setion 2. The reason for hoosing this method are the enouraging
results at vanishing temperature whih will be exemplied in setion 3. Setion
4 desribes the neessary extensions to aess the equilibrium properties of glu-
ons at nite temperature. Setion 5 will deal with the high-temperature limit
and disuss the omparison with a dimensionally redued theory. Finally this
ontribution ends with a summary and an outlook.
2 Gluon and ghost propagator equations
2.1 Dyson-Shwinger equations
Dyson-Shwinger equations [1℄ (DSE) are a well-known tool for non-perturbative
alulations in several areas of physis. The DSE for YM theories an be ob-
tained by using funtional derivatives [2, 3℄. However, this approah produes
an innite hierarhy of equations: eah equation of a given n-point funtion
depends on higher n-point funtions. Sine it is not possible to solve suh an
innite oupled system, it is neessary to trunate it. There is no a-priori infor-
mation about whih trunation is suient to keep the relevant physis. The
trunation sheme employed here is justied by omparison of the results at
zero temperature with lattie results, whih show that all qualitative features
and many quantitative features survive. The trunation sheme is to keep only
the equations for the 2-point funtions and also only up to three-point vertex
level as is depited in gure 1.
In addition, it is assumed that multipliative renormalization holds also
in the non-perturbative regime and that therefore wavefuntion renormaliza-
tion and vertex renormalization an be ast into renormalization onstants Zi.
Renormalization is performed using a momentum subtration sheme. The re-
sulting equations after inserting the olor struture and removing an overall
fator of δab are
1
D−1G (k) = −Z˜3k
2 + Z˜1Nc
∫
d4q
(2pi)4
ikµDµν(k − q)Gν(q, k)DG(q) , (1)
1
All quantities are dened using the onventions of ref. [2℄.
2
D−1µν (k) = Z3D
tl−1
µν (k)− Z˜1Nc
∫
d4q
(2pi)4
iqµDG(k + q)DG(q)Gν(k + q, q)
+
1
2
Z1Nc
∫
d4q
(2pi)4
Γtlµρα(k,−(k + q), q)
Dαβ(q)Dρσ(k + q)Γβσµ(−q, q + k,−k) . (2)
To render the equations dimensionless, the dressing funtions G and Z are
dened via their relation to the propagators
DG(k) = −
G(k)
k2
, Dµν(k) = Pµν(k)
Z(k)
k2
(3)
for the ghost and the gluon, respetively, and the transverse projetor is given
by Pµν = δµν − kµkν/k
2
.
It remains to x the fully dressed verties, sine they are unknown as long
as the equations for the three point funtions are disarded. It is possible to
onstrut these verties using the Slavnov-Taylor identities to onstrain them as
muh as possible and this has been done [4℄. At zero temperature, expliit alu-
lations show that verties onstruted in this way only slightly improve the result
ompared to perturbative verties [2℄. The eet of other non-perturbatively
dressed verties has been studied in ref. [5℄. Sine onstruted verties indue
a signiant omplexity to the problem it is therefore more reasonable in this
rst approah to nite temperature to keep only the perturbative verties.
2.2 Gauge symmetry
To obtain only salar equations it is useful to ontrat the gluon equation with
the projetor Pµν . However, it turns out that suh a ontration produes spu-
rious quadrati divergenies. They stem from the fat that the trunation of
the DSE violates gauge symmetry. To remove these divergenies and therefore
the eets of gauge symmetry violation it is possible to use instead of the trans-
verse projetor Pµν other projetors whih projet onto states without gauge
symmetry violations. This an be aomplished e.g. by using a generalized
projetor
P ζµν = δµν − ζ
kµkν
k2
(4)
where ζ is a real parameter. Choosing ζ = d = 4 removes the spurious quadrati
divergenies [6℄. This proedure is not unique and introdues ambiguities in the
value of numerial oeients. This eet has been studied by varying the
value of ζ while removing manually the spurious divergenies. The results at
zero temperature demonstrate that these eets are small [7℄.
A seond item with respet to gauge symmetry in the non-perturbative
regime are Gribov opies. It has been shown that for the solutions of DSE
in Landau gauge it is suient to require positive semi-deniteness of the dress-
ing funtions G and Z for all momenta to stay within the rst Gribov horizon
[8℄. This is however not yet a full solution to the problem, sine there are also
Gribov opies within the rst Gribov horizon. It is possible, in priniple, to
solve the problem by either introduing a seond set of ghost elds to fully x
the gauge or by adding a new term to the DSE [8, 9℄. But, sine lattie alula-
tions indiate that the inuene of Gribov opies inside the rst Gribov horizon
is small [10℄, these onsiderable ompliations are negleted for now.
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Figure 2: Comparison of lattie alulations [14℄ with results from DSE for
Nc = 2. The left panel shows the dressing funtion of the gluon and the right
panel the one for the ghost
2.3 Kugo-Ojima onnement riterion
When studying the nite-temperature gluon and ghost propagator one of the
main goals to be ahieved is the question of the fate of onnement. It is
therefore neessary to nd a riterion to test for the presene of onnement.
Connement means the absene of gluons from the physial spetrum. This is
for example possible if they do not have a Källen-Lehmann representation. Kugo
and Ojima were able to onstrut a riterion to test for suh a realization of
onnement by assuming that the gluons arry BRST harge [11℄. The riterion
an be ast in a simple form in Landau gauge [12℄: Does the eulidean ghost
propagator diverge stronger than a partile pole as the eulidean four momentum
approahes zero, i.e. does G diverge for k → 0? To utilize this riterion and to
simplify the alulations, the analysis will be performed in eulidean spae.
3 Results at zero temperature
The alulations at zero temperature have been arried out in [2, 4, 7, 13℄. Figure
2 shows a omparison of lattie alulations with results of the DSE. These are
alulations for Nc = 2, but the dressing funtions have the same form for
Nc = 3, if 't Hooft saling is employed, sine the DSE in this trunation order
depend only on the ombination g2Nc.
Both propagators ompare well with lattie results [14℄, although the gluon
propagator misses some strength around 1 GeV. It is likely that this is due to the
neglet of the two-loop diagram in the equations for the two-point funtions [2℄.
The results show onnement aording to the Kugo-Ojima riterion with a
divergene of G with an exponent of −κ in k2 with κ = 0.5953. In addition,
the gluon dressing funtion vanishes at zero momentum with an exponent of 2κ
[5, 7, 8℄. It is also possible to dene a running oupling onstant and it turns
out that aording to these alulations there is an infrared stable xed point
in YM theory. The good agreement with lattie alulations and the fat that
the Kugo-Ojima riterion is satised motivates to use this method also at nite
temperature.
4
4 Extension to nite temperature
4.1 Formulation
Sine the primary interest are the equilibrium properties of gluons at nite tem-
perature, it is onvenient to use the Matsubara formalism. This indues that
there are now two independent variables, the disrete zero omponent of the
momentum and the absolute value of the three momentum. Additionally there
are now two possible tensor strutures for the gluon propagator [15℄ instead of
only Pµν . Both have to be four dimensional-transverse due to gauge symme-
try, but one is three-dimensional longitudinal and the other three-dimensional
transverse. They an be expressed as
PTµν = δµν −
kµkν
k23
+ δµ0
k0kν
k23
+ δ0ν
kµk0
k23
− δµ0δ0ν(1 +
k20
k23
)
PLµν = Pµν − PTµν (5)
where k3 denotes the magnitude of the three momentum and the zero ompo-
nent of the momentum k0 = 2pinT is the bosoni Matsubara frequeny. These
projetors are orthogonal to eah other and satisfy PTµµ = 2 and PLµµ = 1.
There are therefore two independent dressing funtions, ZL and ZT , and the
gluon propagator is dened as
Dµν(k) = PTµν
ZT (k)
k2
+ PLµν
ZL(k)
k2
. (6)
By this denition ZL and ZT have to beome equal at zero temperature and
equal to Z.
It is possible to obtain two equations for ZL and ZT by ontrating the gluon
DSE with PTµν and with PLµν respetively. After inserting the perturbative
verties, this results in the following set of equations for the three dressing
funtions:
1
G(k)
= Z˜3 + Z˜1
g2TNc
(2pi)2
∑
n
∫
dθdq3
(AL(k, q)G(q)ZL(k − q) +AT (k, q)ZT (k − q)) (7)
1
ZL(k)
= Z3 − Z˜1
g2TNc
(2pi)2
∑
n
∫
dθdq3P (k, q)G(q)G(k + q)
+ Z1
g2TNc
(2pi)2
∑
n
∫
dθdq3
(NL(k, q)ZL(q)ZL(q + k) +N1(k, q)ZL(q)ZT (q + k)
+N2(k, q)ZL(k + q)ZT (q) +NT (k, q)ZT (q)ZT (k + q)) (8)
2
ZT (k)
= 2Z3 − Z˜1
g2TNc
(2pi)2
∑
n
∫
dθdq3R(k, q)G(q)G(k + q)
+ Z1
g2TNc
(2pi)2
∑
n
∫
dθdq3
(ML(k, q)ZL(q)ZL(q + k) +M1(k, q)ZL(q)ZT (q + k)
+M2(k, q)ZL(k + q)ZT (q) +MT (k, q)ZT (q)ZT (k + q)) (9)
5
where T is the temperature and the sum runs over the bosoni Matsubara
frequenies of the gluon and the ghost. The integral kernels Ai, P , R, Ni and
Mi are quite lengthy and will not be quoted here. The trivial angular integration
has been performed.
Sine no additional divergenies arise at nite temperature [16℄, the renor-
malization proedure an be kept by employing temperature-independent Zi.
4.2 Gauge symmetry
In the same sense as at zero temperature, spurious quadrati divergenies arise
due to the trunation and projetion of the DSE. It is possible to remove suh
artifats in the same, and therefore also ambiguous, way as at zero temperature.
Sine there are now two independent funtions for the gluon dressing funtions,
both projetors have to be modied and it is neessary to introdue two real
parameters. This an be aomplished using the following generalized projetors
P ξLµν = ξPLµν + (1− ξ)(1 +
k20
k23
)δµ0δ0ν
P ζTµν = ζPTµν + (1− ζ)(δµν − (1 +
k20
k23
)δµ0δ0ν) . (10)
It turns out that all spurious divergenies are removed for ξ = 0 and ζ =
3. These values are interesting, sine they fore the longitudinal projetor to
live only in the ompatied dimension, while the transverse part beomes a
struture whih is reminisent of the three-dimensional transverse projetor.
5 The high-temperature limit
The nite-temperature regime is quite ompliated and it is therefore useful to
start at some limiting ases and evolve their solutions to nite temperatures.
One possibility is to start at zero temperature and to evolve the known solu-
tion to non-zero temperatures. This approah is urrently under investigation.
The other approah is to start at high temperatures. As this method provided
already some insights it will be desribed in the following.
5.1 Denition of the high-temperature limit
For the high-temperature limit, it is assumed that only the lowest Matsubara
frequeny ontributes. It is therefore desribed by rst letting the loop Mat-
subara frequeny go to zero and then the exterior frequeny go to zero. The
appearane of the expliit temperature dependene an be removed by either
measuring the momentum in units of temperature or by dening a temperature
dependent oupling onstant g2T = g23 , whih is dimensionful and its usefulness
will be disussed in the next subsetion.
By performing this limit, several remarkable observations an be made. The
rst is, that many of the integral kernels vanish and that the omplete system
beomes independent of ξ. Their exat values are
6
AL = 0, AT =
q23 sin
3 θ
u2−
, P = 0,
NL = 0, N1 = −
2q23 sin
3 θ
u2+
, N2 = −
2 sin3 θ
u+
, NT = 0
R =
(q23 − (ζ − 1)w3 − ζq
2
3 cos
2 θ) sin θ
k2u+
(11)
ML =
((ζ − 1)k23 − 4q
2
3 + 4(ζ − 1)w3 + 4ζq
2
3 cos
2 θ) sin θ
2k23u+
, M1 = 0, M2 = 0
MT =
sin θ
2k23u
2
+
((k23 + 2q
2
3)((ζ − 9)k
2
3 − 4q
2
3) + 8(ζ − 3)w3(k
2
3 + q
2
3)
+((8ζq43 + (ζ + 7)k
4
3 + 4(5ζ − 1)k
2
3q
2
3) + 4(4ζq
2
3 + k
2
3(ζ + 3))w3 + 4ζw
2
3) cos
2 θ)
where u± = k
2
3 + q
2
3 ± 2k3q3 cos θ and w3 = k3q3 cos θ. Seondly, the three-
dimensional transverse projetor now beomes the transverse projetor of a
theory with only three dimensions, while the longitudinal projetor only ats in
the ompatied dimension. In addition, it is interesting to note that the value
of ζ oinides with that of the three-dimensional Brown-Pennigton projetor.
But the most striking feature is, that if Z2L an be negleted ompared to Z
2
T ,
then the equation for ZL deouples. This leads to an interesting omparison to
the three-dimensional theory.
5.2 Comparison to three-dimensional Yang-Mills theory
Compatied four-dimensional YM theory is not the same as three-dimensional
YM theory, sine the zeroth omponent of the four-dimensional gauge eld be-
omes an additional Higgs eld [17℄. However, lattie alulations indiate that
this Higgs eld is unimportant and produes only a small eet on the gluon
propagator [18℄. It is therefore interesting to ompare to the three-dimensional
YM theory only. The DSE an be alulated in the same way as in four dimen-
sions and yield
1
G3d(k3)
= Z˜3 + Z˜1
g23Nc
(2pi)2
∫
dθdq3A3(k3, q3)G3d(q3)Z3d(k3 − q3) (12)
2
Z3d(k3)
= 2Z3 − Z˜1
g23Nc
(2pi)2
∫
dθdq3P3(k3, q3)G3d(q3)G3d(k3 + q3)
+Z1
g23Nc
(2pi)2
∫
dθdq3(N3(k3, q3)Z3d(q3)Z3d(q3 + k3)) (13)
with the integral kernels
A3 =
q23 sin
3 θ
u2−
, P3 =
sin θ
2k23u+
(2(ζ − 1)w3 + q
2
3(ζ − 2 + ζ cos 2θ))
N3 =
sin θ
2k23u
2
+
((k23 + 2q
2
3)(k
2
3(ζ − 9)− 4q
2
3 + 8w3(ζ − 3)(k
2
3 + q
2
3)
+((8ζq43 + (7 + ζ)k
4
3 + 4k
2
3q
2
3(5ζ − 1))
+4w3(4ζq
2
3 + (ζ + 3)k
2
3) + 4ζw
2
3) cos
2 θ) (14)
7
using the three-dimensional Brown-Pennigton projetor. It turns out, that the
resulting oupled equations for the three-dimensional ghost and gluon are very
similar. In fat, if ZL an be negleted, the three-dimensional oupling onstant
g23 is identied with g
2T and the three-dimensional dressing funtion Z3d with
ZT , then the above equations beome idential to the ones for three-dimensional
YM theory provided ζ = 3 is hosen. It is therefore tempting to identify the lon-
gitudinal part of the four-dimensional gluon propagator with the ontribution
from the Higgs eld. This is supported by the fat that the three-dimensional
gluon propagator has also to be transverse due to gauge symmetry and the
three-dimensional longitudinal part ZL therefore annot be part of it. This in
turn would justify the assumption that ZL is indeed small and an be negleted
ompared with ZT . However, only a detailed alulation of these quantities
an prove this assumption. Additional support is found by the fat that in
another approximation sheme, the Mandelstam approximation, the same situ-
ation arises. Here is, however, no spae to detail these other alulations whih
have been done by us. Moreover, reent lattie results support the nding of
an infrared divergent ghost dressing funtion at nite temperature [14℄ whih
diverges weaker than at zero temperature as would be expeted from the above,
sine in three dimensions κ is smaller [8℄.
If this turns out to be the ase, it would have remarkable onsequenes,
sine the three-dimensional YM theory indeed does onne [8℄, and therefore
a (spatial) kind of onnement would still be present even at very high tem-
peratures in YM theory. This orresponds to lattie ndings in that only the
temporal Wilson loop shows deonnement while the Wilson loops in the not
ompatied spatial dimensions do not [19℄. This would underline the fat that
the magneti setor of YM theory is non-trivial even at high temperatures.
6 Summary and outlook
This ontribution desribes our reent progress in a alulation of the nite-
temperature gluon propagator in Landau-gauge YM theory. It is a rst step
generalizing a self-onsistent zero-temperature formulation within the Matsub-
ara formalism. Possibilities to irumvent the problem of gauge symmetry viola-
tions due to the trunation of the DSE have been disussed. A omparison of the
high-temperature equations of the ompatied theory with the orresponding
equations for a lower-dimensional theory reveals interesting properties. If the
assumption of a negligible inuene of the three-dimensional longitudinal part
of the gluon propagator at high temperature turns out to be orret, then this
proves the non-triviality of the magneti setor of the YM theory even at high
temperatures. Note that this would imply the presene of some onnement
eets at very high temperatures. The physial realization of suh a spatial
onnement has still to be understood. This may be possible as soon as the
solutions of the DSE are obtained. The orresponding alulations are under
way.
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